Chemical equilibrium is a commonly made assumption in the freeze-out calculation of coannihilating dark matter. We explore the possible failure of this assumption and find a new conversion-driven freeze-out mechanism. Considering a representative simplified model inspired by supersymmetry with a neutralino-and sbottom-like particle we find regions in parameter space with very small couplings accommodating the measured relic density. In this region freeze-out takes place out of chemical equilibrium and dark matter self-annihilation is thoroughly inefficient. The relic density is governed primarily by the size of the conversion terms in the Boltzmann equations. Due to the small dark matter coupling the parameter region is immune to direct detection but predicts an interesting signature of disappearing tracks or displaced vertices at the LHC. Unlike freeze-in or superWIMP scenarios, conversion-driven freeze-out is not sensitive to the initial conditions at the end of reheating.
I. INTRODUCTION
The origin and the nature of dark matter (DM) in the Universe is one of the most pressing questions in particleand astrophysics. Despite impressive efforts to uncover its interactions with the Standard Model (SM) of particle physics in (in)direct detection and accelerator-based experiments, DM remains elusive and, so far, our understanding is essentially limited to its gravitational interactions (see e.g. [1, 2] ). It is therefore of utmost interest to investigate mechanisms for the generation of DM in the early Universe that go beyond the widely studied paradigm of thermal freeze-out, and that can point towards non-standard signatures.
In this spirit we subject the well-known coannihilation scenario [3] to further scrutiny and investigate the importance of the commonly made assumption of chemical equilibrium (CE) between DM and the coannihilation partner. This requires solving the full set of coupled Boltzmann equations which has been performed in the context of specific supersymmetric scenarios [4, 5] . Here we consider a simplified DM model and explore the break-down of CE in detail finding a new, conversiondriven solution for DM freeze-out which points towards a small interaction strength of the DM particle with the SM bath. While the smallness of the coupling renders most of the conventional signatures of DM unobservable, new opportunities for collider searches arise. In particular we find that searches for long-lived particles at the LHC are very powerful tools for testing conversion-driven freeze-out.
The structure of the paper is as follows: We begin by introducing a simplified model for coannihilations in Sec. II. In Sec. III we present the Boltzmann equations which govern the DM freeze-out and investigate conversion-driven solutions before we confront the regions of parameter space which allow for a successful generation of DM with LHC searches in Sec. IV. Finally, we summarize our results and conclude.
In the appendix we provide further details and results. In particular, we discuss the appearance of divergencies in the conversion rates in Appendix A, describe our treatment of Sommerfeld enhancement in Appendix B and justify the assumption of kinetic equilibrium by providing solutions of the full momentum-dependent Boltzmann equation in Appendix C.
II. SIMPLIFIED MODEL FOR COANNIHILATION
While the precise impact of the breakdown of CE between DM and its coannihilation partner will in general depend on the details of the considered model, the key aspects of the phenomenology can be expected to be universal. As a representative case we choose a simplified model for DM interacting with quarks. We extend the matter content of the SM minimally by a Majorana fermion χ, being a singlet under the SM gauge group, and a scalar quark-partner q, mediating the interactions with the SM and acting as the coannihilation partner. The interactions of the new particles among themselves and with the SM are given by [6] L int = |D µ q| 2 − λ χ1 − γ 5 2 χ + h.c.,
where q is a SM quark field, D µ denotes the covariant derivative, which contains the interactions of q with the gauge bosons as determined by its quantum numbers, and λ χ is a Yukawa coupling. Here we choose q = b and 
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However, here we will not consider the MSSM but vary λ χ freely. 1 Note that choosing a top-partner mediator instead yields similar results although quantitative differences arise due to the large top mass.
On top of the gauge and Yukawa interactions described above a Higgs-portal interaction given by
is also allowed. This interaction does not involve χ directly and has no impact on the conversion rates χ ↔ b, that are responsible for establishing CE. Nevertheless, it can modify the annihilation rate of b. Since the additional contributions involving the scalar coupling compete with QCD processes, i.e. b b † → gg, they are subleading unless λ h is very large. Even in this case we do not expect qualitative differences, and therefore neglect this contribution in the following.
III. FREEZE-OUT WITHOUT CHEMICAL EQUILIBRIUM
For coannihilation to be effective the coannihilating particles -here χ and b -have to be in thermal contact through efficient conversion rates χ ↔ b. For couplings λ χ of the order of the electroweak coupling strength, conversion rates are much larger than the Hubble rate H during freeze-out, guaranteeing CE, i.e.
where n (n eq ) is the (equilibrium) number density. While CE holds the results are not sensitive to the size of the conversion rates and the Boltzmann equations can be reduced to a single equation that does not contain conversion terms [8] . This approach is solved in standard tools [9] [10] [11] .
For smaller couplings, however, CE can break down and the full coupled set of Boltzmann equations has to be solved [4, 5] . In our case:
where Y = n/s is the comoving number density, s the entropy density and x = m χ /T . We take the internal degrees of freedom g χ = 2 and g b = 3. Y b represents the summed contribution of the mediator and its antiparticle. Since the cross sections are averaged over initial state degrees of freedom, this leads to the factor 1/2 in the respective Boltzmann equation, Eq. (5). Equally, Γ χ→ b is understood to contain the conversion into both. Apart from the familiar annihilation and coannihilation terms displayed in the first lines of Eqs. (4) and (5) three additional rates for the conversion processes enter in the second lines. The first term includes all the scattering processes which convert DM in its coannihilation 1 For a realization of small λχ in extensions of the MSSM see [7] .
partner. The scattering rate is given by
where k, l denote SM particles. The factor of two arises from annihilation into the mediator and its antiparticle. Neglecting quantum statistical factors and assuming Boltzmann distributions the thermal average for scattering reads [8] 
where K i denotes a modified Bessel function of the second kind. Here g i are the internal degrees of freedom of species i, p ij and p ab denote the absolute value of the three momentum of the initial and final state particles in the center-of-mass frame, respectively. In certain scattering processes soft-or t-channel divergences can appear in the thermal averages. We discuss these issues and how we resolve them in detail in Appendix A. The next term in the second lines of Eqs. (4) and (5) captures the conversion induced by the decay and inverse decay of b. This rate is controlled by the thermally averaged decay width Γ b . The thermally averaged decay rate is given by
where γ is the Lorentz factor. Finally, the last term takes the scattering processes in the odd-sector into account. We include all diagrams that are allowed at tree-level and use FeynRules [12] and CalcHEP [13] to generate the squared matrix elements |M |
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, see Tables I and II for a summary of the included processes. We take into account the Sommerfeld enhancement of the b b † annihilation rates as detailed in Appendix B.
A first naive estimate that allows us to determine the ballpark of the parameters where conversion processes become relevant follows from demanding
for temperatures relevant to the freeze-out dynamics (m χ /T ∼ 30). Using as a representative benchmark m χ = 500 GeV and a value of the mediator mass that allows for coannihilations (m b = 510 GeV) this relation indicates λ χ ∼ O(10 −7 ). The order of magnitude is largely insensitive to the precise choice of masses, as long as coannihilations can occur.
For such a small coupling a clear hierarchy emerges between the different rates, see left panel of Fig. 1 (where g is a SM gauge coupling) is enhanced relative to this by many orders of magnitude it is also negligible compared to H. In contrast, the leading contribution to b b † → SM SM is set by the gauge interactions of b and, therefore, the rate remains comfortably larger than H until T ≈ m χ /30. The most important annihilations, especially for very small λ χ are the b annihilations into gluons. Since the interaction rates are suppressed exponentially by the masses of external particles, it is clear that the conversion processes containing external gluons dominate over the rates containing weak scale particles. The conversion rates are close to the Hubble rate and, for this choice of couplings, just about sufficient to make conversion processes relevant for the freeze-out.
Taking these rates and solving the Boltzmann equations we find the results presented in the right-hand side of Fig. 1 . We solve the system of coupled equations from x = 1 up to x = 1000.
The χ abundance leaves its equilibrium value already at rather high temperatures, well before the freeze-out of a typical thermal relic or the b freeze-out. The slow decline of the χ abundance after this point is due to the close-to-inefficient conversion terms which remove over-abundant χs.
In Fig. 2 we show the dependence of the final freezeout density on the coupling λ χ (red solid line). For large enough coupling, the solution coincides with the result that would be obtained when assuming CE (blue dotted line). The relic density is in this case largely set by the strength of b self-annihilation into gluons. When lowering the value of λ χ , conversions χ ↔ b become less efficient and one obtains a relic density that lies above the value expected for CE. For the benchmark scenario shown in .
Above we assumed that both χ and b have thermal abundances for T m χ . While this assumption is certainly well justified for b, one may question the dependence on the initial condition for χ due to its small coupling to the thermal bath. We check the dependence on this assumption by varying the initial abundance at T = m χ within the range (0−100) × Y eq χ . The evolution of the abundances for our benchmark point are shown in Fig. 3 , for early times (x < 20). We find that all trajectories converge before x < ∼ 5, thereby effectively removing any dependence of the final density on the initial condi- tion at x = 1. The dependence of the final freeze-out density on the initial condition is also indicated in Fig. 2 by the area shaded in red, and is remarkably small. Therefore, conversion-driven freeze-out is largely insensitive to details of the thermal history prior to freeze-out and in particular to a potential production during the reheating process. Note that this feature distinguishes conversiondriven freeze-out from scenarios for which DM has an even weaker coupling such that it was never in thermal contact (e.g. freeze-in production [15] ). Thus, while requiring a rather weak coupling, the robustness of the conventional freeze-out paradigm is preserved in the scenario considered here.
As discussed before, conversions χ ↔ b are driven by two types of processes, decay and scattering. It turns out that quantitatively both are important for determining the freeze-out density. To illustrate the importance of scattering processes, we show the freeze-out density that would be obtained when only taking decays into ac-
FIG . count by the gray dashed line in Fig. 2 . Furthermore, the gray shaded area indicates the dependence on initial conditions that would result neglecting scatterings. We find that scattering processes, which are active at small x, are responsible for wiping out the dependence on the initial abundance in the full solution of the coupled Boltzmann equations.
While Eqs. (4) and (5) do not require chemical equilibrium to hold, they rely on the implicit assumption of kinetic equilibrium, i.e. the assumption that the momentum dependence of the distribution functions is proportional to a thermal distribution. For the freeze-out of weakly interacting massive particles, this assumption is typically well justified because scattering processes are enhanced compared to annihilations by a Boltzmann factor of order e mχ/T . However, in the present scenario, the small coupling λ χ renders elastic scatterings of the form χb ↔ χb inefficient. Instead, the leading processes to establish kinetic equilibrium are the inelastic conversion processes discussed above. Since their rate is, by definition, comparable to the Hubble rate in the interesting regime of parameters, one may wonder whether the treatment based on integrated Boltzmann equations is justified for χ. In order to check this point, we solved the full, momentum-dependent Boltzmann equation for χ, taking the leading decay and scattering processes into account. We find that, while the distribution function can indeed deviate from the thermal distribution at intermediate times, the final relic abundance differs only mildly from the integrated treatment (below the 10% level). The main reason is that the collision operator does not depend strongly on the momentum mode, such that all modes behave in a similar way. For a detailed discussion we refer to appendix C. Let us briefly comment on possible refinements. Apart from quantum statistics, also thermal effects could play a role at small x. In particular, the thermal mass for the bquark can lead to a thermal blocking of the decay at high temperatures and for very small mass splitting. Since a consistent inclusion of this effect would require to take also further thermal processes into account, and since (hard) scatterings dominate for small x, we do not expect these corrections to significantly affect our conclusion. Additionally, bound state effects could play a role for the b annihilation [16] [17] [18] [19] [20] .
IV. VIABLE PARAMETER SPACE
We will now explore the parameter space consistent with a relic density that matches the DM density measured by Planck, Ωh 2 = 0.1198 ± 0.0015 [14] . In the considered scenario, for small couplings, b b † annihilation is the only efficient annihilation channel. Hence the minimal relic density that can be obtained for a certain point in the m χ -m b plane is the one for a coupling λ χ that just provides CE (but is still small enough so that χχ-and χ b-annihilation is negligible). The curve for which this choice provides the right relic density defines the boundary of the valid parameter space and is shown as a black, solid curve in Fig. 4 . Below this curve a choice of λ χ sufficiently large to support CE would undershoot the relic density. In this region a solution with small λ χ exists that renders the involved conversion rates just large enough to allow for the right portion of thermal contact between b and χ to provide the right relic density. The value of λ χ ranges from 10 (from small to large m χ ). These values lie far beyond the sensitivity of direct or indirect detection experiments.
For the solutions providing the right relic density, during typical freeze-out (i.e. when T ∼ m χ /30) the conversion rates have to be on the edge of being efficient, cf. Eq. (9) . From this simple relation (and assuming that the decay width, Γ b , is similar in size as the other conversion rates) we can already infer that the decay length of b is of the order of 1-100 cm for a DM particle with a mass of a few hundred GeV predicting the signature of disappearing tracks or displaced vertices at the LHC.
The decay length in our model is shown as the gray dotted lines in Fig. 4 . It ranges from 25 cm to below 2.5 cm for increasing mass difference (the dependence on the absolute mass scale is more moderate).
In proton collisions at the LHC pairs of bs could be copiously produced. They will hadronize to form R- We adjust λχ such that Ωh 2 = 0.12. Above the thick black curve CE holds, while below this curve CE breaks down and the freeze-out is conversion-driven. The corresponding coupling λχ/10 −7 (decay length cτ ) of the mediator is denoted by the thin green (gray) dotted lines. The blue dashed (dot-dashed) curve shows our estimates for the limits from R-hadron searches at 8 (13) TeV. The constraint from monojet searches is shown as the red dot-dot-dashed curve.
hadrons [21] which will, for the relevant decay length, either decay inside or traverse the sensitive parts of the detector. Accordingly, the signatures of displaced vertices and (disappearing) highly ionizing tracks provide promising discovery channels. Similar searches have, e.g., been performed for a gluino R-hadron (decaying into energetic jets) [22] or a purely electrically charged heavy stable particle [23, 24] but have not been performed for the model under consideration (see also [25, 26] for a recent account on simplified DM models providing displaced vertices). However, some constraints on the model can already be derived from existing searches.
Searches for detector-stable R-hadrons [27] [28] [29] [30] 
To this end we compute the weighted fraction of Rhadrons that decay after traversing the relevant parts of the detector in a Monte Carlo simulation as follows. For a given R-hadron in an event i this fraction is
where = (η) is the travel distance to pass the respective part of the detector which depends on the pseudorapidity η while γ is the Lorentz factor according to the velocity β. We use a simple cylindrical approximation for the CMS tracker 3 with a radius and length of 1.1 m and 5.6 m, respectively. For the weighting we compute
where P i on and P i off are the probabilities of the respective event to be triggered and pass the selection cuts, respectively, and the sum runs over all generated events. We use the tabulated probabilities P i on , P i off for lepton-like heavy stable charged particles following the prescription in [31] (see also [32] for details of the implementation of isolation criteria and validation). We expect this to be a good approximation as the selection criteria for leptonlike heavy stable charged particles and R-hadrons are identical and differences in the overall detector efficiency cancel out in Eq. (11) . We simulate events with MadGraph5_aMC@NLO [33] , performing showering and hadronization with Pythia 6 [34] . 3 We considered the tracker-only and tracker+muon-system analysis of [27] finding the higher sensitivity for the former one. 4 For simplicity we display the formula for one R-hadron candidate per event, for events with two candidates we follow the prescription in [31] (with the replacement P i off → F i pass P i off in the respective sum in the numerator of Eq. (11)).
We use the cross section predictions from NLLFast [35] and rescale the signal by F pass . The 95% CL exclusion limits are then obtained from a comparison to the respective cross section limits from searches for (top-squark) R-hadrons presented in [27] . The results are shown in Fig. 5 . We show limits for two models regarding the hadronization and interaction of the R-hadron with the detector material, the generic model [36, 37] and Regge (charge-suppressed) model [38, 39] as the red solid and blue dashed line, respectively.
In addition to the results for the 8 TeV LHC we show results from an analogous reinterpretation of the preliminary results from 12.9 fb −1 of data from the 13 TeV LHC run [28] . Since the tabulated probabilities in [31] are only provided for 8 TeV we use these also for the analysis of the 13 TeV simulation assuming a similar detector efficiency for R-hadrons in both runs.
The fraction of R-hadrons passing the tracker is exponentially suppressed for small life-times significantly weakening the respective sensitivity. However, there are two competing factors that nevertheless result in meaningful limits for cτ smaller than the detector size. On the one hand, for small masses the production cross section rises quickly. On the other hand, for smaller masses a larger fraction of R-hadrons is significantly boosted enhancing the travel distance in the detector. However, this (latter) effect does not significantly enhance the sensitivity as the signal efficiency for largely boosted R-hadrons decreases rapidly (as tracks become indistinguishable from minimal ionizing tracks for β → 1).
Note that the above CMS analysis has been interpreted for R-hadrons containing top-squarks. As discussed in [39] containing sbottoms is smaller. This results in an efficiency around 30-40% smaller relative to the case of the stop and therefore in slightly weaker limits on the sbottom mass, see e.g. [29] . However, we use the above limit taking the result for the Regge model (that provides the weaker limits) as a realistic estimate of the LHC limits for the (sbottom-like) mediator in our model considering the fact that the uncertainties in the hadronization are of similar size as the difference between the sbottom and stop case. The resulting limits from the 8 TeV [27] and 13 TeV [28] LHC data are superimposed in Fig. 4 . For mass splittings below m b (below gray dashed curve) the 2-body decay is not allowed and the R-hadrons can be considered detector-stable. Towards large mass splittings (smaller life-times) the limits fall off significantly providing no constraint above ∆m χ b 13 GeV.
In addition, a large number of experimental results for a sbottom-neutralino simplified model assuming a prompt sbottom decay exist, see e.g. [40] [41] [42] [43] . While most of these searches are not applicable to non-prompt decays, monojet searches, targeting small mass splittings, have been performed that do not rely on the prompt decay of the mediator [44, 45] . We superimpose the (stronger) limit from [45] that uses 3.2 fb −1 of 13 TeV data.
V. CONCLUSION
In this work we have considered the possibility that the common assumption of chemical equilibrium during DM freeze-out does not hold. For definiteness, we have focused on a simplified model with particle content inspired by supersymmetry, comprising a neutral Majorana fermion as the DM candidate and a colored scalar particle that mediates a coupling to bottom quarks. For small mass splitting between the mediator and the DM particle, the freeze-out is dominated by self-annihilation of the mediator. This process can be efficient enough to deplete the DM density below the observed value, thus giving rise to a portion of parameter space in which thermal freezeout cannot account for all of the DM abundance. In this work we have demonstrated that this conclusion hinges on the assumption of chemical equilibrium, and that the freeze-out process can account for the DM density determined by Planck when relaxing this assumption. This occurs when the DM particle interacts very weakly with both the SM and the mediator, such that conversion processes have to be taken into account explicitly. We find that this opens up new regions in parameter space which lead to characteristic signatures of long-lived particles at collider experiments. R-hadron searches performed at the 8 and 13 TeV LHC runs already constrain part of the parameter space providing conversion-driven freeze-out. A dedicated search for disappearing R-hadron tracks and displaced vertices targeting decay lengths in the range 1-100 cm is expected to probe an even larger portion of the allowed parameter space.
The mechanism discussed here is distinct from the freeze-in scenario [15] , for which the DM particle was never in thermal equilibrium, and which would require a much smaller coupling strength than considered here. On the other hand, it shares some similarities with the super-WIMP scenario (see e.g. [46] ), but also differs in various respects. In particular, the relic density is set by the interplay of conversion and annihilation processes during freeze-out, unlike for superWIMPs, where DM is produced from the late decay of a heavier state that undergoes a standard thermal freeze-out. In addition, for the mechanism considered here, the life-time of the coannihilation partner is short enough such that constraints from Big Bang nucleosynthesis are generally avoided, provided that the decay rate gives a sizable contribution to conversion. Unlike both freeze-in and superWIMP scenarios in the considered mechanism the final relic density is insensitive to the initial condition of the abundance at the end of the reheating process.
We expect that conversion-driven freeze-out can be realized generically in DM models featuring strong coannihilations. If the coannihilation partner is not colored but only electrically charged, one may expect signatures related to lepton-like highly ionizing tracks. Finally, it is possible that the efficient self-annihilation of the coannihilation partner is itself driven by a new interaction beyond the SM [47] . In this case the mechanism described here can be relevant even if the coannihilating state is a SM singlet with macroscopic decay length, potentially leading to displaced vertex signatures.
Note added: Reference [48] , which appeared recently, discusses a related mechanism.
Due to the inclusion of scattering processes, two issues arise in the thermal averages. Since we do not consider loop corrections to the two-body decay or 1 → 3 processes b → χbg, we cannot use them to cancel soft contributions from g b ↔ bχ scatterings (of course, the γ scattering also has this problem, as noted by * in Table II) . Instead, we regularize these processes by imposing a cut on the minimal process energy of s min = (m b + m cut ) 2 , with fiducial value m cut = 0.5 GeV. We checked that our numerical results are stable when varying m cut over a wide range, see Fig. 6 , indicating that the bulk of the scattering processes occurs at energies above the b mass. On top of this, we find that in processes of the type bb ↔ χH the b-quark in the t-channel is allowed to go on-shell for some center-of-mass energies (the affected processes are marked with * * in Tab. II). This corresponds to a double counting of the on-shell two-body decay. We choose to suppress the on-shell part by introducing a large BreitWigner width for the b-quark, taking Γ b = m b in our numerical calculations. Since this issue occurs only in processes involving weak scale particles (H, W, Z) and the scattering rate is dominated by gluons the precise value for the width does not have an appreciable impact on the results.
Appendix B: Sommerfeld enhancement
In the presence of light degrees of freedom nonperturbative corrections to the annihilation rates are known to become relevant in the non-relativistic limit [49, 50] . Between pairs of color charged particles the exchange of gluons generates a potential which modifies the wave function of the initial state particles and leads to a nonnegligible correction of the tree-level cross section [51] [52] [53] [54] .
To leading order the effect of the QCD potential can be described by a Coulomb-like potential [55] 
where C R and C R denote the Casimir coefficients of the incoming particles while C Q is the Casimir coefficient of the final state. For a general Coulomb-potential with V (r) = α/r the s-wave Sommerfeld correction factor S 0 is given by [51] 
where β = v/2 and the total annihilation cross section of particles moving in this potential is given by σ Somm = S 0 · σ tree .
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For final states which are exclusively in a singlet, i.e. ZZ, W + W − , γγ, or an octet representation, i.e. γg, Zg, the enhancement is given by Eq. (B2) with α = −4/3α s or α = 1/6α s , respectively. The gg final state is slightly more complicated since it can be in a singlet or octet representation. After summing over the different contributions the total Sommerfeld correction factor for this case reads [51] S 0 → 2 7 S 0 α=−4/3αs
Since this channel dominates the annihilation rates by orders of magnitude, we only take the correction for annihilation to gluons into account.
In the last line we assume h eff to be constant during freeze-out which is approximately satisfied above temperatures of O(GeV). Here we adapt the notation of [8] for the effective degrees of freedom g eff and h eff associated with the energy and entropy densities, respectively.
Collisional operator for conversion
For the purpose of comparing the integrated with the differential Boltzmann equation, we focus on the dominant interaction processes that drive the distribution function towards kinetic equilibrium. For the parameter range we are interested in, these are conversion processes, in particular (inverse) decays χb ↔ b, and, for earlier times, also inelastic scatterings χA ↔ bB. We neglect the small contributions from χχ annihilation, χ b coannihilation and elastic scattering χb ↔ χb. Note that if we would take these additional processes into account, one expects them to drive the distribution function closer to its equilibrium shape. Therefore the following analysis may be regarded as a conservative estimate of the deviations from kinetic equilibrium.
With these assumptions Eq. (C2) becomes a linear differential equation and the remaining contributions to
and the inelastic scatterings χA ↔ bB,
where
Apart from the different integrations, the terms in brackets differ from those in the case of the integrated Boltzmann equation. For the decay term we find
(C7) using the relation of detailed balance for the equilibrium distributions. A similar simplification can be performed for inelastic scattering such that C factorizes into
As before, we neglect quantum statistical factors in the calculation. The unintegrated Boltzmann equation (C2) can hence be written in the form
This ordinary differential equation together with the boundary condition
can be solved with separation of variables and variation of constants. The result reads (cf. [48] )
Simplifications for the numerical solution
In order to trace the evolution of the number density
the phase space density f χ (q, x) has to be computed for a large number of momentum modes q and temperature parameters x providing a sufficiently accurate numerical approximation. This is a computationally expensive task. In the following we therefore introduce analytic simplifications of the collision operators. For the two-body decay we can find the analytic result for the collision operator, neglecting the b-quark mass,
and g χ = 2, g b = 6, gb = 3. The factor of 2 in the numerator of Eq. (C13) accounts for the two different processes when considering the mediator and its antiparticle, which is not included in gb.
For the inelastic scattering we consider the process χb ↔ bg. Neglecting, again, the bottom mass we can express the collision operator as
where and
Note that while C 12 is an analytic function, C 22 has to be numerically evaluated. We choose to precompute C 22 on a two-dimensional grid in x and q = p χ /T and use an interpolation for the numerical evaluation of Eq. (C11). We provide most of the discussion for the case when taking into account the decay term only, which is expected to capture the main effects. We comment on the effect of scatterings at the end of this section.
Iterative solution of the coupled system
The solution Eq. (C11) of the Boltzmann equation for f χ (q, x) requires as an input the evolution of the mediator abundance, Y b (x). The latter can be obtained by solving the corresponding integrated Boltzmann equation, which in turn involves Y χ (x), that is determined by integrating f χ (q, x) over all momentum modes. Therefore the equations for f χ (q, x) and Y b (x) form a coupled set of equations.
Here we solve this coupled set of differential equations in an iterative process. We start with an initial "guess" for Y b (x), which we take to be the solution when assuming kinetic equilibrium (see below for a discussion of different choices). We then solve for f χ (q, x) on a momentumgrid, and numerically compute Y χ (x) using Eq. (C11) as described in the last subsection. With this solution for Y χ (x) we recalculate Y b (x) using the integrated Boltzmann equation. We subsequently iterate between solving for f χ (q, x) and Y b (x), until we encounter sufficient convergence. In order to solve the differential Boltzmann equation in an acceptable time, we neglect the bottom mass and choose h eff and g eff to be evaluated at x = 50 and constant for all times. We do not expect a strong dependence on these simplifications.
The resulting evolution of the abundance Y χ (x) for the benchmark point m χ = 500 GeV, m b = 510 GeV is shown in Fig. 7 (upper panel) as a red solid curve. We compare the result to the solution of the coupled integrated Boltzmann equation (red dotted curve) obtained under the same approximations. We adjust the coupling λ χ = 4.03 × 10 −7 so as to obtain the measured DM relic density for the solution of the coupled integrated Boltzmann equation. The lower panel of Fig. 7 shows the ra-
FIG. 8. Collision operator (normalized by the Hubble rate, green dot-dashed curves) and the phase space distribution of the differential (blue solid) and integrated (red dashed) solution as a function of the momentum mode q for three different times, x = 15, 63 and 100. The phase-space distribution is normalized to the integral over the differential solution,
Only the decay term is considered. . The thick and thin orange solid curves denote the initial abundance and the following iterations, respectively. Only the decay term is considered. As in Fig. 7 the dashed curves denote the equilibrium abundances.
tio of the differential and integrated solutions for Y χ (x). While the dark matter abundance differs by up to a factor of two at intermediate times, the final relic abundance agrees well with the corresponding result when assuming kinetic equilibrium, with deviations below the 10% level.
The main reason is that, for the process and the kinematical situation that is relevant here, the collision term does not depend strongly on the momentum mode, see Fig. 8 (dot-dashed lines) . In the same figure, we also show the result for f χ (q, x) at various times x (blue lines), which indeed differs from an equilibrium distribution (indicated by the red dashed lines) at intermediate times (upper and middle panel in Fig. 8 ). Nevertheless, around the time when the dark matter abundance freezes out, the remaining decays of thermalized b tend to restore an equilibrium distribution (lowest panel).
It is interesting to observe that the total abundance obtained from the unintegrated Boltzmann equation is slightly below the result when assuming kinetic equilibrium. This can also be understood from Fig. 8 . For high temperatures, the momentum modes obtained from the differential solution essentially change only due to redshift. In contrast, the kinetic equilibrium distribution populates somewhat higher modes. By the time the conversion gets efficient, the collision term is larger for smaller momentum modes. Therefore, the conversion into bs is stronger for the differential solution, rendering a slightly smaller abundance.
Let us now discuss the impact of the initial "guess" for Y b (x) used for the iterative solution. We check that the converged result is independent of the starting point of the iteration by using two rather different initial abundances. First, we use the equilibrium abundance Y Fig. 9 ), while the corresponding difference for the converged results is below ∼ 10%. Hence, the partial freeze-out of the mediator b and its subsequent decay into χ are crucial for the conclusion that the impact of deviations from kinetic equilibrium on the relic density is small. Second, we consider an extreme possibility and initially set Y χ (x) to be constant and equal to the relativistic equilibrium density. In this case we start the iteration with the computation of Y b (x). The resulting iterative solutions for Y χ (x) are shown in right panel of Fig. 9 (orange lines). Again, the converged result for Y χ (x) (red solid line) and Y b (x) (solid blue line) agree well with those shown in Fig. 7 .
The convergence of the final relic density for the three different choices of initial abundances is shown in Fig. 10 . Indeed, the converged results agree, indicating that the iterative scheme is stable and leads to a unique result.
Next we want to check if the situation changes drastically when including also 2 → 2 scattering processes. Due to the increase in numerical complexity described above, we consider the leading process χb ↔ bg expected to capture the main effects. In order to estimate the physical contributions from hard scatterings, we perform regularizations on the level of the scattering cross section by introducing a cut-off s min = (m b + 1 GeV) 2 and additionally a regulator at the matrix element level of 1/t 2 → 1/(t 2 + (1 GeV) 4 ). In addition, we restrict the integration over the angle θ t between b and g in the centerof-mass frame to cos θ t ∈ [−0.9, 0.9].
Again, we solve the coupled system in an iterative approach as described above, but taking scatterings into account. As before, we then compare the converged result for the final relic density with the corresponding result obtained when assuming kinetic equilibrium. We find that the relative deviations in the resulting relic density stay below 10%. Furthermore, the deviation for Y χ (x) for intermediate times becomes smaller. This is expected, because scatterings increase the conversion rates at smaller x.
Altogether, we find that the impact of deviations from kinetic equilibrium on the final relic abundance is rather mild, below the 10% level. This justifies using integrated Boltzmann equations for Y χ (x) and Y b (x).
